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Introduction

Over the last decade or so, quite a lot of effort has been expended on the

so-called slicing problem in convex geometry, which asks whether there is a

constant δ > 0 independent of dimension, so that every (symmetric) convex

body of volume 1, in Rn, has a slice of (n−1)-dimensional volume at least δ.

The problem has many equivalent formulations and a positive answer would

have many interesting consequences: not least, it would immediately imply a

version of the reverse Brunn-Minkowski inequality of Milman, [9]. A survey

of these reformulations can be found in the article of Milman and Pajor, [10].

A symmetric convex body K in Rn is called isotropic if its inertia tensor

is a multiple of the identity: that is, for some constant L,∫
K
〈x, y〉2 dx = L2|y|2

for every y ∈ Rn (where |y| is the Euclidean length of y). It is easy to see that

every convex body has an affine image which is isotropic. If K has volume 1,

the number L is called the isotropic constant of K. It is known (see [10] or

[1]) that the slicing problem is equivalent to the question of whether there is

a uniform upper bound, independent of dimension, on the isotropic constants

of isotropic bodies of volume 1.

To date, uniform bounds have been established on the isotropic constants

of various families of convex bodies in [10], [2] and [7]. Recently, [8], the
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conjecture was proved for the ‘natural’ family of counterexamples: the unit

balls of the non-commutative `p spaces. The best estimate available for

arbitrary bodies is n
1
4 obtained by Bourgain in [4].

It was shown in the author’s article [1] that any estimate for the isotropic

constants of convex bodies in Rn implies an estimate on the ratio of the

volumes of n-codimensional slices of isotropic bodies (in any dimension).

The precise result is as follows.

Theorem 1 Fix a natural number n and suppose that every isotropic sym-

metric convex body in Rn, of volume 1 satisfies∫
K
|x|2 dx ≤ nM2.

Then for every m > n, every isotropic convex body C in Rm and any two

n-codimensional subspaces H1 and H2 of Rm,

vol(H1 ∩ C)

vol(H2 ∩ C)
≤ (12M)n.

(There is nothing special about the constant 12 here.)

At the time of this result, several people raised the question of whether

the reverse statement might hold: whether an upper estimate on the ratios

of volumes of n-codimensional slices would automatically provide an esti-

mate of the isotropic constants for arbitrary bodies in Rn. One reason for

this question is that the problem of estimating ratios of volumes of slices

looks as though it can be approached through more ‘isomorphic’ means than

the original slicing problem. To see why this might be, observe first that

there is indeed a constant which works for 1-codimensional slices. (This

was proved by Hensley in [6]. It also follows from the theorem above since

there is only one symmetric convex body in the real line.) Now, to pass

from 1-codimensional sections to n-codimensional ones, it would be nice to

use induction. Any two n-codimensional subspaces can be linked by a chain

of n-codimensional subspaces, with n terms in the chain, in which adjacent
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subspaces belong to a common (n− 1)-codimensional subspace. Clearly, the

problem with this approach is that the sections defined by the larger sub-

spaces need not be isotropic. But this problem looks much more amenable

to ‘isomorphic’ methods than the original slicing problem.

The purpose of this note is to give a proof of the reverse statement. The

Theorem proved here is the following.

Theorem 2 Fix n and let M be the least constant so that for any isotropic

symmetric convex body C, in any dimension, and any pair of n-codimensional

subspaces H1 and H2,

vol(H1 ∩ C) ≤ Mnvol(H2 ∩ C).

Then for any n-dimensional isotropic symmetric convex body K of volume 1,∫
K
|x|2 dx ≤ 1

2π
nM2.

This result is proved in Section 2 below. The fact that the proof is very

short might suggest that the information provided by the result is not strong

enough to be helpful in tackling the slicing problem. However, the proof

makes essential use of the Central Limit Theorem (for measures on Rn) and

there are some reasons to believe that the kind of ‘symmetrisation’ involved

in the Central Limit Theorem is very much what is needed to understand

the distribution of mass in high-dimensional bodies. Section 1 of this article

provides a brief discussion of the form of the Central Limit Theorem needed

for the proof.

1 Pointwise convergence in the Central Limit

Theorem

Let K be an isotropic symmetric convex body of volume 1 in Rn and let σ2

be the ‘variance’ defined by ∫
K
|x|2 dx = nσ2.
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Let (Xi) be IID random vectors, each one uniformly distributed on K. The

normalised sums
1√
m

m∑
1

Xi

converge in distribution to the Gaussian on Rn with density g given by

g(x) =
1

(2πσ2)
n
2
e−

|x|2

2σ2 .

Let fm : Rn → R be the density of

1√
m

m∑
1

Xi

so that fm is a renormalised convolution of m copies of the indicator function

of K. The convergence in distribution guarantees that if A is (say) a ball in

Rn then ∫
A

fm →
∫

A
g

as m →∞. For the purposes of the proof below it is necessary to check that

there is pointwise convergence, at least at 0:

fm(0) → g(0)

as m →∞.

The classical approach to pointwise convergence of densities in the Central

Limit Theorem, depends upon estimates for the Lp norms of the Fourier

transform of the density. (See for example Feller [5] Chapter XVI.) It is

intuitively obvious that the characteristic function of a convex body is smooth

enough to have a Fourier transform which decays well at infinity. But it

is natural to expect that more direct methods are available for such well-

behaved densities. The point of this section is to observe that this is indeed

the case. For the sake of clarity, the argument will only be sketched.

For K as before, the renormalised convolutions fm have two properties

that will be the important ones. Firstly, each fm is log-concave: that is log fm
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is a concave function (with the usual convention regarding −∞). This is a

consequence of the functional form of the Brunn-Minkowski inequality, the

Prékopa-Leindler inequality, which guarantees that the convolution of a pair

of log-concave functions is again log-concave. (See eg. [3] for a proof of the

Prékopa-Leindler inequality.) Secondly, each fm is isotropic with the same

variance as the original body K: that is∫
Rn
〈x, y〉2fm(x) dx = σ2|y|2

for all y ∈ Rn. This is just the usual remark that the variance of a sum of

independent random variables is the sum of their variances.

For large values of m the average of fm over a small ball centred at 0 will

be close to the average of g over this ball, which in turn is close to g(0). So,

in order to show that fm(0) → g(0) it suffices to check that fm(0) cannot be

very different from the average of fm over a small ball centred at 0. Since

fm is an even log-concave function, it attains its maximum at 0. So fm(0)

certainly cannot be smaller than the average of fm over a ball. The problem

is to show that fm(0) cannot be too large (and this is what is needed later).

Suppose then, that fm(0) is significantly larger than the average of fm over

a small ball. Then there is a point e, close to zero, with fm(e) significantly

less than fm(0). Since fm is log-concave, this forces fm to be small at all

points λe with λ ≥ 1. Since fm is even, the same is true if λ ≤ −1. As a

result, the integral of fm along the line spanned by e,

∫ ∞
−∞

fm

(
r

e

|e|

)
dr

will be small.

To be precise for a moment, the above remarks show that, if fm(0) does

not converge to g(0), then for every ε > 0 there is an m and a unit vector u

for which ∫ ∞
−∞

fm (ru) dr < ε.
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Let’s see why this can’t happen. Let H be the subspace of Rn orthogonal to

u. Define a new function h on H by integrating fm along the fibres parallel

to u:

h(x) =
∫ ∞
−∞

fm (x + ru) dr.

Then h is an even, log-concave density on H which is isotropic with the same

variance as fm, in the sense that∫
H
〈x, y〉2h(x) dx = σ2|y|2

for all y in H. Therefore∫
H
|x|2h(x) dx = (n− 1)σ2 (1)

and the statement to be contradicted is that

h(0) < ε.

The argument is now clear: because h attains its maximum at zero, it is easy

to see that the expression

h(0)
2

n−1

∫
H
|x|2h(x) dx

is at least as large as it would be if h were replaced by the characteristic

function of the Euclidean ball of volume 1, centred at 0. So equation (1)

gives a lower bound for h(0), depending only upon n and σ.

2 The proof of Theorem 2

Assume that for any isotropic symmetric convex body C, in any dimension,

and any pair of n-codimensional subspaces H1 and H2,

vol(H1 ∩ C) ≤ Mnvol(H2 ∩ C).
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Let K be an n-dimensional isotropic symmetric body of volume 1 and set∫
K
|x|2 dx = nσ2.

For each m regard Rmn as (Rn)m and consider the body C = Cm in Rmn

consisting of the m-fold Cartesian product of K with itself:

C = K ×K × . . . K.

Clearly C is isotropic and of volume 1. C has an n-codimensional section

of volume 1 obtained by dropping one factor of K. Therefore, every n-

codimensional section of C has volume at least 1
Mn . Now consider the section

of C by the n-codimensional space consisting of sequences (x1, x2, . . . , xm),

of vectors in Rn, satisfying x1 +x2 + . . .+xm = 0. The volume of this section

is the value

fm(0)

where fm is the renormalised convolution of m copies of the characteristic

function of K, as in the preceding section. By the pointwise Central Limit

Theorem explained in that section, fm(0) is approximately

1

(2πσ2)
n
2

when m is large. Since

fm(0) ≥ 1

Mn

for every m, this implies that

1

(2πσ2)
n
2
≥ 1

Mn

and hence that

σ2 ≤ 1

2π
M2,

which is what was wanted.
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